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Kinetic Equation in the Kinetic Region of the Dilute and
Nonuniform Electron Plasma
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Mori’s scaling method is used to derive the kinetic equation for a dilute, non-
uniform electron plasma in the kinetic region where the space-time cutoff
(b, t.) satisfies Ap < b « l;, 70 K t, € 7;, with Ap the Debye length,
751 = w, the plasma frequency, and /; and =, the mean free path and time,
respectively. The kinetic equation takes account of the nonuniformity of the
order of /;and A for the single- and the two-particle distribution function, re-
spectively. Thus the Vlasov term associated with the two-particle distribution
function is retained. This kinetic equation is deduced from the kinetic equa-
tion in the coherent region obtained by Morita, Mori, and Tokuyama, where
the space-time cutoff of the coherent region satisfies Ap > b > ry, 70 >
t. > 7o, With ro the Landau length and 7, the corresponding time scale.

KEY WORDS: Coarse-graining in space and time; kinetic equation; BBGKY
hierarchy; kinetic scaling; coherent scaling; nonuniform electron plasma.

1. INTRODUCTION

Recently, Mori’s scaling method® for space-time coarse-graining has been
used to clarify properties of fluctuations in p-space®® and the regime of
validity of various kinetic equations in plasmas, such as the Balescu—Lenard-
Guernsey equation.*"® The kinetic processes in a plasma are found to be
characterized by two regions, the coherent and kinetic regions, where the
kinetic region is a subregion of the coherent region. The divergence-free
kinetic equation in these two regions has been systematically derived by apply-
ing Mori’s scaling method for space-time coarse-graining to the BBGKY
hierarchy equations and it has been demonstrated that the kinetic equation
in the kinetic region can be reproduced from the kinetic equation in the
coherent region by introducing further coarse-graining.
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Let us consider a classical electron gas with a small mean particle density
¢ in a neutralizing, smeared-out background of positive charge with charge
density ce, where e is the electronic charge. In this plasma the coherent region
is defined by the space-time cutoff (b, 7.) which satisfies

Ap > b > 1y, D> 1> T (1.1
The space-time cutoff (b, z.)of the kinetic region satisfies
;> b>» A, T > Tp (1.2)

Mori’s scaling method leads to the following scalings of the characteristic
quantities: for the coherent region

Ap — LAp, Fo —> Fo, l;— L2, c—> L% (1.3)
and for the kinetic region
Li—~Ll,  ro—>ry, ALYy, c—>L7%c (1.4

The space—tirhe (ry, t) of the single-particle distribution function f(1;1¢) =
f(p, ry; ) is scaled in both regions as

ry—Lry, t— Lt (1.5)

In the work of Morita et al.® the collision term, which ensure the
approach of f(1;¢) to the local Maxwell distribution function, consists of
three terms:

Ci(f) = Bui(f) — Lu(f) + Xu(f) (1.6)

where B;y(f) is the Boltzmann collision term with the Coulomb potential and
L.(f) is the Landau collision term. The third term X;(f) of Eq. (1.6) is a
collision term first derived in Ref. 2.

In this paper, the kinetic equation in the nonuniform electron plasma is
derived by expanding the collision term C;(f) in terms of the small parameter
1/L. The derivation of this kinetic equation is given in Section 2. Section 3 is
devoted to a discussion.

2. DERIVATION OF THE KINETIC EQUATION

Since the Boltzman and Landau collision terms are covariant in the
kinetic scaling,® the expansion of the collision term C,(f) in terms of the
small parameter 1/L comes only from the collision term X,(f), which is
defined as

X,(f) = f d(2) 0, f ds @Ot ua 00, £(1; 0f(2; 1) (21a)
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with
o e o 0
f,, = a_r;szTf'(éB; _ 5E) -4, (2.1b)
_ PP O
My = BB 2.1¢)
My = oL+ Pug) [ d3) 015P1sf 35 1) (2.1d)
My = =Bk el + P [ dG) 010Gi )
_ M _8_ o® ©
= T + (1 + Pp3) 5 or, 3131 (2.1¢)
and
0(rs:1) = ¢ [ 40) 1 exp(rasey) Ao i 1) @.11)

where d(2) = drydp,, ro; =1, — 1y, and P;; is the exchange operator
between i and j. The term X (f) is the collision term in the coherent region and
scales as X;(f) — L°X,(f). In the coherent scaling of Egs. (1.3) and (1.5),
terms of (M, + M, + Mj)scale as My + My + My~ LY (M, + M, + M,).
On the other hand, these terms scale differently in the kinetic scaling of Egs.
(1.4) and (1.5). The lowest order terms (M, + M,) scale as (M, + My) —
L~Y2(M, + M,) and lead to the Balescu-Lenard—Guernsey collision term, as
is shown in Ref. 2. The term M, scales as M; — L~ *M;. By keeping this
term M;, we can obtain the collision term in the nonuniform electron plasma.
We now define the function K,(p,, ps, r1; ¢) as

KDz, p1, 115 7) = fdrzl exp(ig-ra;)
x fo T dsexpls(M, + My + Ml0uf(L: /2 ) (22)
Making use of this function, we can write Eq. (2.1a) as
() = =i da Vg [ dpaKin piomii ) 23)

where V, = e?/2n%g?. In the lowest order of the kinetic scaling of Eqs. (1.4)
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and (1.5), K, and X, scale as K, — LK, and X; — L°X;, respectively. In order
to obtain the expression for K,, we use the following equations:

J ds expls(My + My + My)
0
:f ds exp(sMy) + f du [exp(uM (M, + M)
4] Q

x f ds expls(M, + M, + My)] (2.4)
0
. * 7]
Jdrzl CXP(Z‘l'rm)f ds eXP(—ng'?) Q(rz;)
1] 21

- f ds exp(iq-ga:5) j dryy explig-r;) Otay) @.5)

where g,; = (p; — p.)/m and Q(r,,) is an arbitrary function of r,,. Substitut-
ing Eq. (2.4) into Eq. (2.2) and making use of Eq. (2.5), we find
Kq(p27 pla 1'1; t)

Ve i
T w qe(pe — pu)/m + i{(p./m)-2jor, — (2[or;)-(8/dp; + 0/0p2)}
X A(pa, P1, 15 1) 2.6)
APz, D1, 115 1) = AQWMg, pr, 115 1) + AV(P2, P1, 115 1) (2.7

where the first and the second terms in the curly brackets in the denominator
of Eq. (2.6) are scaled by L~/2 and L~*, respectively. The terms 4 and 4%
scale as A® —> LA® and AD — LY24D, The explicit form of A® and AV
will be given in the subsequent analysis. We now follow Guernsey’s analysis,
using the following identity and the “barring” operation:

o1 1y 1
X+Y X X X+7Y

(2.8)

T3 ) = [ dy 8(u = B2 g3 0 @9

Making use of Egs. (2.8) and (2.9), we can calculate the function G (py, I1; £)
from Egs. (2.6) and (2.7) as follows:

Gypr,115t) = fdpz; K/Ps, P1, 115 1) = GPP1, 15 1) + GO, 115 1)
(2.10)
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where

,\/E ®
szo)(pl, l‘l; t) = TJ‘_OO dw W

i
7 AO(w, py, 115 1)

= Ly(p1, 115 1) + ilo(p1. 113 1) (2.11a)

A0 pori ) = [dpe 8w - L) 40s,pi i ) (2110)

La(po, 133 1) = =meDy(ps, 13 I)HH‘P((Q}

41(131: I t)Pll:’lzqz(Pl, I 1)ps (2.11¢)

Lo(py, 115 1) = ,p—”]z {Dy(py, 11; O, 115 1) — f(1; )D(w,1151)  (2.11d)

47re? q.af(pla ;)

Dy(p;, 115 1) = e o, (2.11e)
p = p1 + ipy; pa(tt, 1y 1) = 7T'C'Dq(u, I t),

pr(u, 1y 1) = 1 — Hpg(u)] (2.11f)

a0 = —w00u s i@+ @) g

921, 115 1) = 7D (py, 115 )f (u, 115 1) — L(Lc—t—) p2 (2.11h)

H[po(w)] = P f dw L2 Z(W) @.11i)

G scales as G - LG and the Balescu-Lenard—Guernsey collision term
BL(f) is found from Egs. (2.3), (2.10), and (2.11) as

BLL(f) = 8* [ da [ dps q- -

~ ’ 8(‘1'312)‘]'(% - 8_f);)f(l’ S, 115 1)
(2.12)

The collision term which takes account of the streaming and Viasov terms of
the two-particle correlation function can be derived from the next-order term
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G (py, 11; ) defined as

Ve i
GO = [ dWW~uﬁWMMJﬁﬂ

\/C pl J\ d 8A(0)(W, P1, Iy, t)
T m 8r1 w—u ow

. _\[Q@ [ d 1 A (w, py, X4; 1)
warlJ © W — uow opy

q_'l_)g aA(O)(pb pls I, f)
+Jdp2 8(w - ) N ~wa—

(2.13)
where we have used the following equation to derive Eq. (2.13):
f dw B(w) f dw 1 &B(w) (2.14)
w—u ow

with B(w) an arbitrary function of w. The various quantities of Eq. {2.13) are
defined as

AD(w, Py, 15 1)

e
1
= —— [AP(W, py, 115 1) + IAP(W, p1, 115 ¢
T,\/Z[R( P T35 1) 2w, p1, 115 1)]
29 9Dg(w, 1y 1 n oLy (ps, ¥ys £
—Ll(pl’rl’t) q—qivl}—l—") Dr1(W,r1;l) - _______1([)1 L )
8r1 aq

oL (w, x5 1)

D (w, 1y; t) 2 )
e it q_zDQ(plrrlat)q' arl

or,
— o 0\ =
4+ De(pi, 115 LW, 15 )|eax, + Dy(p1, 115 t)(—a-r— 5—)L1(w, ;1)
af(w rlv t)

(1;1)  8DLw,1i;t) 2
A0 D)2 g i)

cq? or, cq®

RRALLY U D) e JLEELA 5 1M

, 2 8D w,r it —
+ l{LZ(pla Iy, I){*z Q'—M—l—) — Dy, (w, 11 Z)]
q ary

_ 0Ly, 113 ) 2Dy(w, 115 1) (2.152)
oq ory '
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A9, p1, 115 1)
'n'\/E

=%7Mﬂmmﬁn0+mﬂmmnﬂ»

7TV e
= # {2D(p1, 115 1) Dolw, 115 ), v, 5 1)
- Dq(u, I f)[Eq(W’ r 0)f(1;e) + Dyp,, 1y; f)f—("‘% Iy )}
.I E {Dy(w, 113 )f(1; 1) = Dyfpy, 115 )f(w, 1y, 1)} (2.15b)

A(O)(p2$ Pla 1'1, t)
77'\/;

|~

I

{42, P1, 115 1) + IAP(Ps, P, 1y )}

5

T

= W {ZDq(pl, 1'1, Z)DQ(P2’ l'1 s t)f(u t)

— D(u, ry; O[D(p2, 115 ) (15 1) + Do(ps, 115 1) f(Pa, 1y, DI}

i clp |2{Dq(p2, 1 D)f(15 1) = Do(py, 115 ) (P2, 15 1)}

@.15¢)
= 4me? . 0 of(ps, 1yt
Dey(w,v151) = —2- | dp, S(W - %) E-%—) (2.15d)

2 .
Dypy ;1) = STE YWD 2 (2.15¢)

q* op, or
Making use of Egs. (2.3), (2.10), (2.13), and (2.15), we find the collision term

Yi(f), with which the kinetic equation for a dilute, nonuniform electron
plasma can be written as

(0 + 220150 = e + 270 (2160
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with
Ji(f) = Bu(f) — Li(f) + BLy(f) (2.16b)

i ~ o
N - [daviaz- (H[A%)(u)] - A, By 1y 1)

+

3=

‘_a_ a‘Al' ( ) aJEiO)(W9 p17 L3 t)
ory ow

L
o
w:u}) (2.16¢)

Q’le

ZA(O) . 62/320)(‘4)7 P, I35 [)
ﬁpl 8w op, ow

{ [ §°>()] AP(w éil,rl;t)
where

AQ(w, py, 115 1) + iAW, Py, 135 1)

q-p2\ [ 047 (P2, Py, 115 f) 3A1(P2, Pi, F1; 2)

_ f dp, a(w - 7)[ = 2 ] (2.16d)

The explicit expressions for J;(f) can be seen in Refs. 2 and 3. Both of the
terms J;(f)and Y (f)scaleas J;(f) — Lo (f) and Y,(f) — L°Y,(f). Thus the
second term on the r.h.s. of Eq. (2.16a) cannot be derived by the density
expansion. The first two terms of Eq. (2.16c) represent the correction of the
shielding effect associated with the nonuniformity of the single-particle
distribution function. The terms (p,/m)+(9/ér,){:--} and (8d/er,)-{-} repre-
sent the contributions from the streaming and the Vlasov terms of the two-
particle distribution function, respectively.

3. DISCUSSION

In the conventional theory of deriving the Balescu-Lenard-Guernsey
equation,*® the following assumptions (or equivalent ones) are usually
introduced ™: (a) the single-particle distribution function is independent of
position, (b) the relaxation time of the two-particle correlation function is
much shorter than that of the single-particle distribution function.

In attempts to derive the kinetic equation for a nonuniform electron
plasma along the lines of conventional theory, ™ the following condition is
assumed:

f(p7r= [) :fo(Pa t) +f1(p9ra t)a fO >>f1 (31)
and the linearized kinetic equation for fi(p, r, t) is derived and discussed
qualitatively. The main idea of these theories can be understood as follows.
In a neutral gas, the relaxation time of the single-particle distribution function
to the Maxwellian is the mean free time, while the relaxation time of a non-
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uniform gas to a uniform state is the macroscopic time scale. Therefore the
relaxation time of the momentum and real space are completely different in
the neutral gas. Considering this fact, the single-particle distribution function
in a plasma is divided into two terms as shown in Eq. (3.1). This assumption,
however, is not applicable to a plasma due to the long-range nature of the
Coulomb force.

In the conventional approach to obtaining the kinetic equation for a non-
uniform electron plasma, it is extremely difficult to derive it without making
some assumptions. In the author’s opinion, these assumptions have been
motivated by a desire to simplify the problem rather than by the physics
involved, Thus, to tackle such problems, a new method is needed. Mori’s
scaling method is such a method. In fact, we did not have to make the
assumptions of the conventional theory in order to derive the kinetic equation
for the dilute, nonuniform electron plasma.

In Mori’s scaling method, the kinetic equation in the kinetic region
includes the streaming term since the single-particle distribution function
includes the nonuniformity of the order of the mean free path. The Vlasov
term vanishes because the force range of the Coulomb force is of the order of
Ap, 0 that this term does not appear in the nonuniformity of the order of /,.
Both terms, i.e., the streaming and Vlasov terms, appear in the two-particle
correlation function as a next order in the expansion of the small parameter
1/L. The Vlasov term appears since the characteristic length between the two
particles is taken to be of the order of A,. Thus in the lowest order we repro-
duce the Balescu-Lenard-Guernsey equation. By taking account of the next-
order term in the expansion of the small parameter 1/L, we derive the kinetic
equation (2.16) for the dilute, nonuniform electron plasma, where the
characteristic length of the nonuniformity of the single-particle distribution
function is taken as /;, while the characteristic length between the two particles
for the two-particle distribution function is Ap. These two conditions for the
single- and two-particle distribution functions can be realized when a plasma
without a static magnetic field is produced in the laboratory.
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